Thisis an expanded version of the proof given in Real Analysis by John Howie, pp 34,
(see[1]) and isintended to make the proof more accessible to students learning this
subject. Any mistakes are the fault of this website only.

Note: A * at the start of aline shows where the original proof has been
expanded/modified.

Theorems stated without proof

Theorem 1 :

Let a, beaconvergent sequence with limit . Then a| is convergent with limit |o] .
See [1] pp 30 for proof.

Theorem 2 :

Every convergent sequence is bounded

http://gedstats.wordpress.com/2008/07/01/theorem-2/

Theorem 3:
Resultsinvolving two convergent sequences.

Let a,and b, be two sequences with limits o and 3 respectively then;

(i) (-a,) » -«

(i) (a,+b) > a+p

(iii) (a,—b,) > -

(iv) (ap,) - off

(v) (ka,) — ka for every constant k

L1 1).
(vi) (b_nj_{ﬁj if b, #0forall nand f#0

(vii) (%J e(%} if b = Oforal nand ##0

n

Proof for (iv):



Since a, and b, are both convergent sequences then by Theorem 2 they both have upper
bounds Aand B (both positive) for all n>1. Now supposethat |5|> B.

* If |B|is very closeto Bthen | |- Bwill be very small. Thus |3|- B = ¢ say.

* Using this and Theorem 1 we have;

*

|bn|—|,8”<g:|ﬂ|—B forall n>N (Notethat thisstill holdsif |4]isnot closeto the
upper bound B.)

* -|pl+B<|8-l,| <|A|-B

* —|b,|<-B

*andso |b,|> B

*, But this contradicts B as an upper bound and so |,B| <Bforal n> N. Thisresultisthe
samefor o . Therefore;

|B|<B foral n>N,and [o]< A forall n>N, (1)

Now let £ >0, and because Aand B are both positive;

£ £
|an—a|<E n> N, |bn—ﬂ|<ZA n> N, 2

* j.e. gisan arbitrarily small number and sois % .

Now;

[a.b, — o8| = [a, (b, - B) + Bla, - )| 3
* i.einserting —a, /3 +a,Ainto the LHS and factorizing. Now if all of the bracketed terms
* and non-bracketed terms on the RHS are positive then we have;

* [ay (b, - B) + A&, - )| = (a, Mo, - B))+ (BNa, - )

* But if any of the two products on the LHS are less than zero then the LHS is less than
the RHS and so (3) can be written;

2, (b, - B) + B(a, - )| < (| Njo, - B))+ ()2, - o)
< Alb, - A)+B(a, - ) (using (1))
and for al n>max{N,,N,};



< A{%}+B{%) (using (2))

Thus;

lab, —af| < e for al n>max{N,,N,}

andso a b, > aoff QED.

Proof for (vi):

Since ##0and b, — [ then;

|bn—ﬂ|<g:@ foraln>N,. (4)

* i.e. Since b, — Bthen |b, - 4| can be made arbitrarily small and can therefore be made

A

* smaller than ?.

* The table below compares three expressions under different conditions (the conditions
* are given in the first two columns).

(i) 8- [oy| i) | o, -[41 | (iii) [0, - A

ab,>0,>0 | b,>4 | f-b,(<0) b,—B|=b,-B0) | |o,~- B =b,-B(0) | O<(=(ii)

B>b, | f-b,(>0) b,~B/=A-b,(>0) | |o,- A= B-b,>0) | ()=(ii)=(iii)

B=h, |0 0 0 ()=(ii)=(iii)
b)b,<0,4>0 | f>b, ,B—|bn| (<0,>0) |bn|_ﬁ‘(> 0) |bn _,5|(> 0) (i) < (ii)<(iii)
)b, >0,4<0 | b,>p | |f-b,(<0,>0) qqﬂ@m lb, - B> 0) (i) < (ii)<(iii)
d)h, <0,5<0 | b,>4 | |A-|b,|>0) 18/~ |b,|¢> 0) 18/~ |b,|¢> 0) (i)=(i))=(ii)

B>b, | |-|b,|(<0) b, |8/ 0) b, -[5/(>0) (i)<(i=(iii)
B=h, |0 0 0 (i)=(ii)=(iii)

From the above table and (4) we can now write;




1B-lbu| <] Ib.|-1A] | <Ib, - Bl < g:|_’§|

<2
-l <2

4@%«15
2

b2
2

1 2

bl 1A 5
b, ~ 18 -

Now since b, — S we can say;
il
b,—fl<—
| n ﬁ| 2

i.e. b, can be made arbitrarily small. Now multiplying both sides by an expression;

Zlb"_zﬂ|:£|bn_ﬁ|<8
B 1A 18

n>N,

and so from (5);

1pb-A_2[b-4
b 181814
Al _20-A _,
LA |8
K |bn_,B| < 2|bn—ﬁ| e
B b, |an3| |ﬂ|2

<&
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